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Let I7 be a projective translation plane of order q = pm. Let rk,(n) denote the 
rank of an incidence matrix for 17 over the field IF,. Then 
Further, the summation term here is the p-rank of the afftne geometry design 
x&,,(p) of points and m-flats in the 2m-dimensional vector space over [F,. 0 1991 
Academic Press, Inc. 
1. I~TR00ucTl0N 
Let I7 be a projective translation plane of order q = pm, L a translation 
line for 17, and R = I7= the derived affine translation plane. Then it is well 
known (see, for example, [7]) that rc can be obtained from a spread in the 
vector space V= V,,(p), i.e., a set Y of (q + 1) subspaces Si of dimension 
m with the property that Si n Sj = { 0} for i #j. The lines of z are then all 
the cosets (m-flats) in V of these spread members. The set of all m-flats of 
V is, of course, the affine geometry z&Jp) (in the notation of [6]). 
Now consider the code C(z) of length q* defined as the subspace of [F$ 
spanned by the characteristic functions on the lines of n, i.e., by the rows 
of an incidence matrix for rr (with lines corresponding to the rows, points 
corresponding to the columns). Let B(F, 1 F,) denote the code of the same 
length defined by the design corresponding to ZING,,,. Then clearly 
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C(n) E B([F,( IF,). Denoting by C(z)’ the orthogonal code of C(n) with 
respect to the standard inner product, it is shown in [l, Prop. 41 that 
C(n)cB(F,IF,)EC(71)+C(7t)~ 
and this is used to establish [l, Theorem 21 that 
dim(C(rr)) < q2 + q - dim(B(IF,I LF,)). 
Since rk,(Z7) = dim(C(n)) + 1 (see, for example, [ 1, Prop. 2]), in order to 
show that 
m-1 
rk,(17)<q2+q+1- 1 (-11~ 
i=O 
we must show that 
m-1 
rkp(~&,Jp))=dim(B(IF,IIF,))= 1 (-l)i 
i=O 
There are methods for calculating the dimension of any afine or projective 
geometry design given by, for example, Delsarte [3] and Hamada [S]. We 
will use the Hamada method to obtain our formula. 
2. PROOF OF FORMULA 
Again using the notation of [6], let Pf,,(q) denote the design with point 
set the points of the projective geometry defined by V,, 1(q) and block set 
the r-dimensional subspaces of the projective geometry. Then we have 
THEOREM (Hamada [S, Theorems 7.2 and 9.21). Let 
where q = p” and the summation is taken over all ordered sets (so, . . . . s,) of 
m+l integerssjsuch thats,=so,O<sj<n-r,andO<psj+,-sj<(n+l) 
(p-l), and L(Sj+,,Sj)=L(pSj+l -sj)/pJ, for j=O, . . . . m- 1. 
Further, rk,WL(d) = rk,Mdq)) - rk,(%- 1,r(q)). 
For our application we have n = 2m, r=m, and q = p. Thus the “m” 
of Hamada’s formula is equal to 1, so s1 = s,, = s, and 0 <s < m for the 
outer summation in the formula for rk,(g*:,,,(p)), and 0 < s < m - 1 in the 
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outer summation in the formula for rk,(PZ:,_ ,&I)). Further, L(s, s) = 
Ls(p - 1)/p] <s - 1. We have then 
dim(B([F,I~,))= 2 “f”’ (-l)i(2mlT 1)(2m-s~~(s-i)) 
s=O i=O 
m-1 Ls--s/p’ 
-,lxo c (-lJi 
2m-l-s+p(s-i) 
i=O > 2m-1 ’ 
Now note that the terms in the summations are zero for i > Ls - s/p] since, 
in the first summation, 2m - s + p(s - i) = 2m + s(p - 1) - &I < 2m if 
s(p - 1) - ip < 0, i.e., if i 2 Ls - s/p_l + 1, and similarly in the second sum- 
mation. Thus we have 
dim(B([F,IE,))= f ‘gl (-l)i 
s=l i=O 
m-l s-l 
2m 2m-1 -s+p(s-i) - ( >( i 2m-1 )I 
m-1 
+ c (-l)i 
2m+l 
i=O ( >( i 
m+p(m-i) =c +~ 
2m > 
1 2. 
Since 
Z,= 
m+pm 
( > 2m 
+;g w)f(i2_ml)+(2;)](m+pzlnm-i)), 
m-1 2m m+p(m-i) 
( >( > 
m-1 
= igo (-lY i 
+ c (-l)i i’-“l 
i[(2m~~~(2m-s~~(s-i)) 
( >( 
m+p:mm-i) . 
> 
z1= c 1 t-11 
1;: 1;: 
2m 2m- 1 -s+p(s-ii) - ( >( i )I 2m-1 . 
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Put i = s - k in the inner summation, and reverse the order, 
2m 
( >( 
2m-l-s+pk - 
s-k >I 2m-1 * 
Change the order of summation, i.e., sum over k first, 
Put r = m -k in the outer sum, and reverse the order, 
m-1 m-1 
cl= 1 1 (-1)“~‘“-” 
2m+(m-r)p-s 
r=l A-=??-r [(s?m+jr)( 2m ) 
2m- 1 -s+(m-r)p -(s-E+r)( 2m-1 )]’ 
Put i = s - m + r in the inner sum, 
EC,= 1 c (-1) :I: ;;I i[(2m+ l)(m+r--:+m(m--r)P) 
2m m-l+r-i+(m-r)p - ( >( i 2m-1 >I* 
Now we show that the inner sum reduces to (-l)‘-l(,‘_“,)(‘“~;~,“‘“), 
Write m+r+p(m-r)=b, and 
z3=:g; (-l)i[(2m+1)(b;i)-(2;)(!2--:ll)]. 
Again use the identity (iz’,) = (i) + ( m:.l), giving 
z3=(2tz)-(2Y-11) 
+;g; w[{(~:l)+(2~)}(“;mi)-(2;)(b;mi-i’)l 
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as required. 
Thus, 
m-l 2m (m-r)p+m 
c,+c,= 1 (-l)‘-’ r-l 
r=l ( >( 2m > 
m-1 
+ 1 (-l)i 
2m m+p(m-ii) 
i=O ( >( i 2m > 
Ii-1 
+ 1 (-l)i jyl 
i=l ( >( 
(mv;f+m , 
> 
and the first and third terms cancel, leaving the formula for dim(B( lF, 1 IF,)) 
as asserted. 
3. COMMENTS 
The p-rank of the desarguesian plane of order q = pm is given by the 
formula 
( > P+l m+l 2 y 
(see, for example, [S]). The p-ranks of the non-desarguesian planes of 
order 9 and 25 are given in [ 11: for q = 9 the bound we give (viz. 40) is 
attained, since B( IF, 1 FP) = C(n) + C(X)-‘- for rr the unique non-desarguesian 
affrne translation plane of order 9. For q = 25, the bound is 295 and the 
5-ranks of the 23 non-desarguesian afline translation planes range between 
238 and 263 [l, Sect. 71. With the aid of the Cayley Language of John 
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Cannon, and using the Birmingham University VAX, we have computed 
the 2-ranks of the seven non-desarguesian translation planes of order 16, as 
given by Dempwolff and Reifart [4]. Here the bound from our formula 
(also given, in the binary case, in a simplified form, in [ 11) is 109, and the 
computed values of the 2-ranks of the afftne translation planes of order 16 
as given in [4], starting with the desarguesian, are 81, 97, 97, 97, 105, 99, 
105, and 101, respectively. 
Note that in [2] further upper bounds are obtained that depend on the 
“kern” of the translation plane. The one we have discussed is the most 
general; these further upper bounds do not seem to lend themselves to such 
a usable formula. 
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